his opinion [12] that no "second generation" of combinatorial principles, independent of PA(Q2), is likely to arise.
In the light of Macintyre's concerns as just described, it would be of considerable interest to determine exactly the limits of PA(Q2) with respect to finite combinatorics. In particular, can we characterize the arithmetical consequences of PA(Q2) in a useful way? (By arithmetical we mean: expressible in the language of PA.)
In ?3 we obtain an affirmative answer to this question. Namely, we show that the arithmetical consequences of PA(Q2) are the same as the arithmetical consequences of a certain well-known ([8], [5] ) system of second order arithmetic, viz. ff -CAO, i.e. fl comprehension with restricted induction.
From this result, it is obvious that not only the Paris/Harrington principle, but also the stronger combinatorial principles considered by Friedman, McAloon and Simpson [9] are all theorems of PA(Q2). This is because the usual proofs of these principles are straightforwardly formalizable in ff1-CAo. It is not at all clear how to formalize such proofs directly in PA(Q2).
At the same time, our result in ?3 reduces the problem of finding a transparent combinatorial principle independent of PA(Q2) to the more manageable problem of finding such a principle independent of ff -CAO.
A further consequence of our result in ?3 is of course the determination of the provable ordinals and provably recursive functions of PA(Q2).
In ?4 we show that Ramsey quantifiers are effectively eliminable from Presburger arithmetic, i.e., the theory of the natural numbers under addition. This answers a question raised by L.P.D. van den Dries.
We would like to thank Angus Macintyre for letting us see a draft of his paper [12] . The idea behind axiom scheme (2) is that if X is a witness set for Q2xx'qD, then X has a least element w and X\{w} is again a witness set for Q2xx'qD. These axioms are somewhat simpler than those implicit in Macintyre [12] . Let I be a set of sentences in the language of PA(Q2). We say that X is consistent with PA(Q2) if 0 = 1 is not deducible from X and the axioms of PA(Q2) by means of the usual Hilbert-style logical axioms and rules of inference (e.g. Enderton The following lemma says intuitively that if Q2xx'p holds then there exists a definable witness set for this fact. This lemma is essentially due to Macintyre [12] .
1. 1 LEMMA. Given a formula-(x, x') in the language of PA(Q2), we can effectively write down aformula. W,(x) such that the following are theorems of PA(Q2): (4) Wp,(x) A Wp,(x') A x # x' -+ (x, x');
Q2xx' (x, x') *-+ Vy3x > y W,(x).
(Note that (x, x') may contain free variables other than those displayed. If this is the case, then W,,O(x) will also contain those free variables.) PROOF. Using the PA(Q2) induction scheme, define a sequence wo, w1, ... as follows: wo = least w such that w is an element of some witness set for Q2xx'9, (x, x'); wn+1 = least w such that Vi < n (w # wj) and the finite set {wo, . . ., w,, w} is extendible to a witness set for Q2XX'qD(X, x'). Let Wp,(x) say that 3n(x = wj). For details of the construction of the formula Wp,(x), see Macintyre [12] . The proofs of (4) and (5) from (1), (2), and (3) are straightforward.
We now discuss the semantics of PA(Q2). Let M be a model of PA and let Z be a set of sentences in the language of PA(Q2). We say that M strongly models 2 if the sentences of 2 are true in M when Q2XX'qD(X, x') is interpreted to mean that there exists an unbounded set X c IMI such that (p(a, a') holds for all a, a' E X such that a ? a'. Such an X is called a witness set. It is easy to see that any model M of PA strongly models all the axioms of PA(Q2) except possibly the PA(Q2) induction scheme. If, in addition, M strongly models the PA(Q2) induction scheme, we call M a strong model of PA(Q2). Macintyre [12] showed that any strong model of PA(Q2) is K-like for some regular cardinal K. In ?2 below we shall prove the converse: any consistent set of sentences in the language of PA(Q2) has K-like strong models for every regular uncountable cardinal K. This result is essentially due to Macintyre [12] A slight modification of the proof shows that one can obtain 2k nonisomorphic models with the properties mentioned. This answers a question of Macintyre [12] .
For the following corollaries, assume that 2 is a set of sentences in the language of PA(Q2) such that 2 includes the axioms of PA(Q2). 
COROLLARY (COMPLETENESS). I is consistent if

Vu(u E X); and comprehension axioms 3XVu(u E X s+o (p) where sp is any arithmetical formula in which X does not occur freely. Clearly every theorem of PA is a theorem of ACAo.
A formula is said to be ff if it is of the form V Yq where SD is arithmetical. The system Mf-CA0 consists of ACA0 plus comprehension axioms 3X Vu(u E X VYqD) where so is any arithmetical formula in which X does not occur freely.
The purpose of this section is to show that there is a close relationship of mutual interpretability between the systems PA(Q2) and Hfl-CAO. In particular, these superficially quite different looking systems will be seen to prove exactly the same arithmetical sentences. (An arithmetical sentence is of course just a sentence in the language of PA. Note that the language of PA is just the common part of the language of PA(Q2) and the language of second order arithmetic.) This mutual interpretability result is interesting because the system Hl}-CAo has already been studied extensively by logicians. For instance, it is known that the minimum n-model of If -CAo can be characterized as the smallest nonempty set of subsets of w closed under relative recursiveness and hyperjump; in other words, as P(cw) n L.., where ca,, is the limit of the first co admissible ordinals (see [10, Clearly any subformula of the form (1) may be eliminated in favor of subformulae of the form (2). Furthermore, any subformula having the form (2) with some a, # 0 may be eliminated in the following manner. Letj be such that a, # 0 = aj+j = aj+2 = ... = a*. If aj > 0 (respectively, aj < 0) then any unbounded set X may be pared down to an unbounded witness set for (2) (respectively, the negation of (2)). Thus (2) may be replaced by a formula which is either identically true or identically false. Finally, any subformula in which a, = = ak = 0 may safely be ignored.
The preceding paragraph permits us to assume that each nontrivial atomic subformula of q is a congruence of the form (3). Let M be the least common multiple of the moduli m of these congruences. By the pigeonhole principle, any unbounded witness set for 0 will have an unbounded subset all of whose elements belong to a single residue class modulo M. Hence PROOF. Given a sentence or in this language, we can effectively find an equivalent quantifier free sentence .b in the augmented language of Presburger arithmetic. It is easy to decide the truth of 0b.
Other results concerning theories which admit elimination of Ramsey quantifiers may be found in Baldwin and Kueker [1], Baudisch [2] , and Cowles [3] . BIBLIOGRAPHY 
